The radiation pattern of a circular loop source of alternating current located in the lower half-space of two conductive media is considered. A solution of the linear Maxwell's equations in the frequency domain, using the Hankel transform to modified Helmholtz wave equations, was obtained. This leads to a system of ordinary differential equations with respect to the vertical coordinate, considering initial, boundary, and transition conditions. The solution determines the electromagnetic field in the conductive media which consists of primary and scattered waves. The results obtained from this paper can be used to evaluate numerical solutions of different complexities such as the underlying multilayered media. In addition, the derived formulation would be useful for interpreting airborne electromagnetic systems. 
Introduction
The radiation characteristics of loop antennas have been an area of interest to researchers for many years. This is evidenced by the fact that there exists a substantial body of literature devoted to the subject. There are several references that contain excellent reviews of research relating to loop antennas. Included among these references are those of King and Smith [1] , Balanis [2] , and Smith [3] . This paper will focus on the circular loop antenna, which is one of the most popular configurations for a loop antenna.
Usually, the electromagnetic analysis of this geometry is split into two parts (i) the small radius loop (assuming the infinitesimal model) with electric-and magnetic-field components, which are the dual of those associated with the small electric dipole, and (ii) the large radius loop, where only far-field approximations are used. Many of the papers that have been published are strictly concerned with the development of the far-field expressions for circular loop antennas with various dimensions and assumed current distributions. The far-field intensities for a circular loop carrying a uniform current have been calculated by Foster [4] for loops of any size relative to the wavelength. Expressions are obtained in ref. 5 for the distant-field intensity in the plane and on the axis of a thin circular loop. This analysis is restricted to circular loops having a circumference equal to an integral number of wavelengths with an assumed sinusoidal current distribution.
Sometime ago, Wait [6] derived the transient fields of a horizontal electric loop on a homogeneous earth in closed-form expressions. Extensive analyses [7] [8] [9] were carried out for the continuous wave and transient responses of the mutual impedance between current-carrying loops or wires. Recently, Sampaio [10] solved the problem of electromagnetic radiation generated by an alternating-current dipole distributed on a perfectly conducting thin circular disk, and perpendicular to it. For the near field, Overfelt [11] gives an exact integration of the vector potential of constant current distribution on a thin circular loop antenna of arbitrary radius in free space. Also, Werner [12] introduces a systematic approach for the exact integration of general near-zone vector potentials associated with current-carrying circular loop antennas. Abo-Seida et al. [13] give an explicit derivation for the response above a plane-conducting earth to a pulsed vertical magnetic dipole at the surface. Bishay et al. [14] computed the frequency domain full wave solution for the fields due to a magnetic dipole in a two-layered medium with finite conductivity. The solution includes the wave-guide modes propagating within the earth.
The purpose of this paper is to give an explicit treatment of a circular loop source of alternating current located below and at the Earth's surface. An explicit relation in closed form was obtained for the magnetic-and electric-field components. It considered a simplified model where the source is located in a homogeneous half-space. This was done to obtain a clear picture of the radiation pattern of the source. A time dependence of the form exp(iωt) is considered throughout. Different complexities such as layered media can be treated using a similar procedure.
General description
The geometry of the problem is illustrated in Fig. 1 , where a horizontal circular loop source placed below the interface between two media with different conductivities. The conductivity of the upper half-space is σ 1 while the conductivity of the lower half-space is σ 2 . The electric field E and the magnetic field H are coupled through Maxwell's equations
and
where r ∈ R 3 is the Cartesian coordinate vector. µ is the magnetic permeability, ω is the angular frequency, σ stands for the total complex conductivity, and j z denotes the source function. The source function for this problem consists of an alternating vertical electric dipole distributed on a perfectly conducting circular loop of radius a. Following the procedure described in ref. 15 as a limiting case, the function for this source can be written in cylindrical coordinates (r, φ, z) as
where h(a − r) is the Heaviside function, and I is the total current flowing across the loop. Equation (3) is valid for the static case, and could be approximately valid for an alternating current, as long as the radius a is much less than a wavelength. For an electric dipole I z and z are small, so (3) can be rewritten to define the approximate value of the source at an arbitrary point (r, φ, z) such as
Let the horizontal interface be z = z between two homogeneous and isotropic half-spaces, and have conductivities σ 1 and σ 2 . A circular loop is placed in the second medium at z = 0. The magnetic field H has only the φ component H = (0, H, 0), where the axial symmetry of the problem leads to an invariance with the coordinate φ. Maxwell's equations (1) and (2) can then be reduced to the following modified Helmholtz wave equations with respect to the azimuthal component of magnetic field H :
where K 1,2 represents the complex wave number defined as
The right-hand side of (6) represents the source responsible for the field, and has a negative sign where the positive circle of the vector j z is directed in the negative sense of the z-coordinate as indicated in Fig. 1 .
Method of solution and analytical results
The first step is to apply a Hankel transform to (5) and (6) in the following form:
and the inverse is
This yields
The right-hand side of (11) can be computed explicity using integration such as
Using the identity of Bessel functions as [16] 
then (12) can be further simplified to
From (4) and (14) we get
Substituting from (15) in (11), then
Let us divide the whole space into three subspaces. In the first subspace z > z , a solution can be uniquely presented as
in the second subspace (z > z > 0), a solution will be
and in the third subspace z > 0, a solution is
The functions A(n), B(n), C(n), and D(n), can apply the boundary and transition conditions, in which the tangential component of the electric and the magnetic field and its first derivative are continuous at the boundaries. This yields four equations with four unknowns. Solving these equations for the coefficients A, B, C, and D, gives
Taking the inverse Hankel transform of H (n, z), gives the expressions for the magnetic-field component in the three regions as 
H (r, z)
and Consequently the radial component of electric field E has the following expression for z ≤ 0:
where Real
Numerical results
Numerical computation of the electromagnetic field, which is generated by an alternating current dipole distributed on a prefectly conducting circular loop, can be easily performed based on equations (26), (27) at z ≤ 0 for different values of z, as well as for different values of z . However, (26) and (27) can be initially simplified by introducing a new integration variable χ defined as n = |K 2 |χ and neglecting second and higher order terms of the ratio
where a = a|K 2 |, θ = r|K 2 |, z = z|K 2 |, and z = z |K 2 | are dimensionless parameters. We set 10 −5 ≤ θ ≤ 1; 
Conclusion
In the preceding section, the components of the electromagnetic field that originated from the radiation pattern of the loop source located below and at the earth surface are presented. Thus, a clear picture of the radiation pattern of the loop source can be obtained. Different complexities such as layered media can be compounded using a similar procedure as the previous one.
Applications of the findings of the present work in the field of geophysics would involve the utilization of the thin circular loop antenna as an electromagnetic source in the underlying multilayered media. The depth of the source is related to the conductivity of the medium, thus the latter can be evaluated for different earth layers.
